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1 Department of Informatics, University of Bergen, Norway
{remy.belmonte,pim.vanthof}@ii.uib.no
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Abstract. A graph G contains a multigraph H as an induced immer-
sion if H can be obtained from G by a sequence of vertex deletions
and lifts. We present a polynomial-time algorithm that decides for any
fixed multigraph H whether an input graph G contains H as an induced
immersion. We also show that for every multigraph H with maximum
degree at most 2, there exists a constant cH such that every graph with
treewidth more than cH contains H as an induced immersion.

1 Introduction

A recurrent problem in algorithmic graph theory is to decide, given two graphs G
and H, whether the structure of H appears as a pattern within the structure of
G. The notion of appearing as a pattern gives rise to various graph containment
problems depending on which operations are allowed. Maybe the most famous
example is the minor relation that has been widely studied, in particular in the
seminal Graph Minor series of papers by Robertson and Seymour (see, e.g., [15,
16]). A graph G contains a graph H as a minor if H can be obtained from G
by a sequence of vertex deletions, edge deletions and edge contractions. One of
the highlights of the Graph Minor series is the proof that, for every fixed graph
H, there exists a cubic-time algorithm that decides whether an input graph G
contains H as a minor [15].

If the contraction operation is restricted so that we may only contract an
edge if at least one of its endpoints has degree 2, then we obtain the operation
known as vertex dissolution. If H can be obtained from G by a sequence of vertex
deletions, edge deletions and vertex dissolutions, then H is a topological minor
of G. It is a trivial observation that if G contains H as topological minor, then it
also contains H as a minor. Numerous results on topological minors exist in the
literature, notable examples being the recent proof that testing for topological
minors is FPT by Grohe et al. [12] and the characterization of graphs excluding
a fixed graph as a topological minor by Grohe and Marx [13].

Grohe and Marx [13] also show that another containment relation can be
decided in FPT time, namely immersion. In order to define immersion, we first
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need to define another graph operation. The lift (or split-off) operation is de-
fined as follows: given three (not necessarily distinct) vertices u, v, w such that
uv, vw ∈ E(G), we delete uv and vw and replace them by a new edge uw, pos-
sibly creating a loop or multiple edges. A graph G contains H as an immersion
if H can be obtained from G by a sequence of vertex deletions, edge deletions,
and lifts. It is not hard to verify that if G contains H as a topological minor,
then G also contains H as an immersion, as a dissolution can be simulated by
a lift and a vertex deletion. The interest in the immersion relation has steadily
been growing [1, 2, 8, 9, 11, 12, 17, 19].

Our results. We introduce and study the induced immersion relation, which
is equivalent to the immersion relation where no edge deletions are allowed (see
Figure 1 for an overview of the different containment relations mentioned in
this paper). Our main result is that, for any fixed multigraph H, there exists a
polynomial-time algorithm deciding whether a simple graph G contains H as an
induced immersion. It is interesting to note that it is highly unlikely that a similar
result exists for the induced minor and induced topological minor relations, as
there exist fixed graphs H for which the problem of deciding whether a graph
contains H as an induced minor or as an induced topological minor is NP-
complete [7, 14]. We complement this result by showing that, for every fixed
multigraph H of maximum degree at most 2, there exists a constant cH such that
every graph with treewidth more than cH contains H as an induced immersion.

induced
topological minor

topological minor

induced
immersion

induced
minor

immersion minor

Fig. 1. The relationship between the different containment relations mentioned in this
paper. An arrow from relation A to relation B indicates that if G contains H with
respect to relation A, then G also contains H with respect to relation B. For example,
if G contains H as an induced topological minor, then G also contains H as an induced
immersion, since a dissolution can be simulated by a lift and a vertex deletion.

2 Preliminaries

Following the terminology of Diestel [3], we define a multigraph to be a pair
G = (V,E), where V is a set, and E is a multiset such that every e ∈ E is a
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multiset of two elements of V . The elements of V and E are called the vertices
and edges of G, respectively. For convenience, we write uv instead of {u, v} to
denote an edge between u and v; in particular, uu denotes a loop at u. The
multiplicity of an edge uv ∈ E, denoted by multG(uv), is the number of times
the element {u, v} appears in the multiset E. By slight abuse of notation, we
define mult(uv) = 0 whenever uv /∈ E. A graph is a multigraph without loops in
which the multiplicity of every edge is at most 1. We refer to the textbook by
Diestel [3] for graph terminology not defined below, and to the monograph by
Downey and Fellows [5] for a background on parameterized complexity.

Let G = (V,E) be a multigraph. For two vertices u, v ∈ V , we say that u is a
neighbor of v if {u, v} ∈ E. Note that if {u, u} ∈ E, then u is its own neighbor.
The degree of a vertex u ∈ V , denoted by dG(u), is the number of neighbors of u,
where a loop at u contributes 2 to the degree of u. A multigraph in which every
vertex has degree exactly k is called k-regular. Let P be a path in G from u to v
that has at least one edge. The length of P is its number of edges. The vertices
u and v are the endpoints of P , and every other vertex of P is an internal vertex
of P . By abuse of terminology, we will allow the endpoints u and v of a path to
be the same vertex, even though strictly speaking such a path is a cycle.

Let G be a multigraph. Let u, v, w be three (not necessarily distinct) vertices
in G such that uv, vw ∈ E(G). The lift (or split-off) {uv, vw} of the edges uv
and vw is the operation that deletes uv and vw and replaces them by a new
edge uw, thereby increasing the multiplicity of uv by exactly 1. In particular,
note that lifting two copies of an edge uv creates a loop either at u or at v, and
lifting a loop uu with any incident edge uv simply deletes the loop uu and leaves
uv unchanged. When we lift two edges uv and vw, we say that v is the pivot of
the lift {uv, vw}. The multigraph obtained from G by applying the lift {uv, vw}
is denoted by G ∨ {uv, vw}. Similarly, given a sequence of lifts L = (`1, . . . , `q),
we define G∨L = (((G∨ `1)∨ `2) · · · ∨ `q). Let P = p1 · · · p` be a path of length
at least 2 in G. When we say that we lift the path P , we mean that we lift the
edges x1xi and xixi+1 for i from 2 up to p − 1. Note that lifting the path P is
equivalent to deleting all the edges of P from G, and adding a new edge with
endpoints φ(u)φ(v).

Let G and H be two multigraphs. Then G contains H as an immersion if H
can be obtained from G by a sequence of vertex deletions, edge deletions, and
lifts. It is known that G contains H as an immersion if and only if there exists
a subset S of |V (H)| vertices in G and a bijection φ from V (H) to S such that,
for each edge uv ∈ E(H), there exists a path Puv in G from φ(u) to φ(v), and
all these paths Puv, uv ∈ E(H), are mutually edge-disjoint. We point out that if
uu ∈ E(H), then the path Puu starts and ends in the same vertex; even though
strictly speaking Puu is a cycle, recall that Puu satisfies our definition of a path
(from u to u). If H can be obtained from G by a sequence of vertex deletions
and lifts, then G contains H as an induced immersion. Since we may assume
that in such a sequence the lifts appear before any vertex deletion, we can make
the following observation.
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Observation 1 Let G and H be two multigraphs. Then G contains H as an
induced immersion if and only if there exists a sequence of lifts L such that
G ∨ L contains H as an induced subgraph.

The definition of induced immersion gives rise to the following definition,
which will be used frequently throughout the paper.

Definition 1 (H-model). Let G and H be two multigraphs such that G con-
tains H as an induced immersion. Given a sequence of lifts L, a set of vertices
S ⊆ V (G) and a bijection φ from V (H) to S, we say that (S,L, φ) is an H-model
of G if φ is an isomorphism from H to G′[S], where G′ = G ∨ L.

Observation 2 Let G and H be two multigraphs. Then G contains H as an
induced immersion if and only if G has an H-model.

The Induced Immersion problem takes as input a graph G and a multigraph
H, and the task is to decide whether G contains H as an induced immersion.

The elementary wall of height r is the graph Wr whose vertex set is {(x, y) |
0 ≤ x ≤ 2r + 1, 0 ≤ y ≤ r} \ {(0, 0), (2r + 1, r)} if r is even and {(x, y) | 0 ≤
x ≤ 2r+ 1, 0 ≤ y ≤ r} \ {(0, 0), (0, r)} if r is odd, and such that there is an edge
between any vertices (x, y) and (x′, y′) if either |x′ − x| = 1 and y = y′, or if
x = x′, |y′ − y| = 1 and x and max{y, y′} have the same parity. The elementary
walls of height 2, 3 and 4 are depicted in Figure 2 in the appendix.

Robertson, Seymour and Thomas [18] proved that for r ≥ 1, every graph
with treewidth more than 202r5

contains the r × r-grid as a minor. Note that
every r × r-grid contains an elementary wall of height br/2c − 1 as a minor.
Since an elementary wall has maximum degree at most 3, and every minor with
maximum degree at most 3 is also a topological minor of the same graph, every
r × r-grid also contains Wbr/2c−1 as a topological minor. As we pointed out in
the introduction, this means that Wbr/2c−1 is also contained as an immersion
in an r × r-grid. Hence, the aforementioned result of Robertson, Seymour and
Thomas implies the following result.

Theorem 1 ([18]). For r ≥ 1, every graph with treewidth more than 2010(r+1)5

contains Wr as an immersion.

3 Finding a fixed multigraph H as an induced immersion

The goal of this section is to show that, for every fixed multigraph H, there
exists a polynomial-time algorithm that decides whether a graph G contains H
as an induced immersion. We first show that if both G and H are given as input,
this problem cannot be solved in polynomial time, unless P = NP.

Lemma 1. (F)1 The Induced Immersion problem is NP-complete, even if G
is a planar graph of maximum degree at most 4 and H is a cycle.
1 Proofs marked with a star have been moved to the appendix due to page restrictions.
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Throughout this section, let G and H be two multigraphs such that G con-
tains H as an induced immersion, and let (S,L, φ) be an H-model of G. Lemma 3
below shows that we may assume L to satisfy a property that will be exploited
in the algorithm in the proof of Theorem 2. The proof of Lemma 3 relies on
the following result, which states that we can “safely” swap certain consecutive
pairs of lifts in L.

Lemma 2. (F) Let G and H be two multigraphs such that G contains H as
an induced immersion, and let (S,L, φ) be an H-model of G. Let {xy, yz} and
{uv, vw} be two consecutive lifts in L, occuring at positions i − 1 and i in L,
respectively, such that {xy, yz} 6∈ {{uy, yv}, {vy, yw}}. Then G has an H-model
(S,L′, φ) such that L′ can be obtained from L by swapping {xy, yz} and {uv, vw}.

Lemma 3. (F) Let G and H be two multigraphs such that G contains H as an
induced immersion, and let (S,L, φ) be an H-model of G. For any edge uv of
G[S], there exists an H-model (S,L′, φ) of G such that uv appears in the first
lift in L′.

Informally speaking, the next lemma shows that given the H-model (S,L, φ)
of G, there exists a short sequence of lifts L∗ whose application removes any un-
wanted edges between vertices of S. Here, an edge between vertices φ(u), φ(v) ∈
S is unwanted if the multiplicity of φ(u)φ(v) in G is strictly larger than the
multiplicity of uv in H.

Lemma 4. (F) Let G be a graph and let H be a multigraph such that G contains
H as an induced immersion, and let (S,L, φ) be an H-model of G. Then there
exists a sequence L∗ of lifts that satisfies the following four properties:

(i) |L∗| ≤ |E(G[S])|;
(ii) for every {uv, vw} ∈ L∗, we have v ∈ S and {u,w} ∩ S 6= ∅;

(iii) for every u, v ∈ V (H), we have multG∨L∗(φ(u)φ(v)) ≤ multH(uv);
(iv) G ∨ L∗ contains H as an induced immersion.

The next lemma shows that after unwanted edges between vertices of S have
been removed by applying L∗, deciding whether G contains H as an induced
immersion is equivalent to finding a family of mutually edge-disjoint paths.

Lemma 5. Let G and H be two multigraphs. Suppose there is a set S ⊆ V (G)
and a bijection φ from V (H) to S such that multG(φ(u)φ(v)) ≤ multH(uv) for
every u, v ∈ V (H). Then G contains H as an induced immersion if and only if
the following two properties are satisfied:

(i) for every u, v ∈ V (H), there is a set Puv of multH(uv) paths in G from φ(u)
to φ(v);

(ii) the paths in P =
⋃

u,v∈V (H) Puv are mutually edge-disjoint.

Proof. First suppose that G contains H as an induced immersion. Then G also
contains H as an immersion. The existence of the family P then follows from
the definition of immersion.
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Now suppose that there exists a family P of paths in G as mentioned in the
lemma. Among all such families P, let P ′ =

⋃
u,v∈V (H) P ′uv be one that contains

the largest number of paths of length 1.

Claim 1. For every φ(u), φ(v) ∈ V (G), each of the multG(φ(u)φ(v)) edges be-
tween φ(u) and φ(v) is the unique edge of a path of length 1 in P ′uv.

Proof of Claim 1. For contradiction, suppose there exist φ(u), φ(v) ∈ V (G) such
that there is an edge e in G between φ(u) and φ(v) that is not the unique edge
of a path in P ′uv. Note that this means that e is not contained in any path of
P ′uv. We claim that P ′uv contains a path of length at least 2. For contradiction,
suppose that each of the multH(uv) paths in Puv has length 1. By assumption,
multG(φ(u)φ(v)) ≤ multH(uv). Since all the paths in P ′ are edge-disjoint and e
is not contained in any path of P ′uv, the number of paths in P ′uv can be at most
multH(uv)− 1, yielding the desired contradiction.

We now distinguish two cases, depending on whether or not e belongs to
some path in P ′. We obtain a contradiction in both cases, which will imply the
validity of the claim.

First suppose that there exists a path P ∈ P ′ such that e is an edge of
P . Observe that P must have length at least 2, and hence P ∈ P ′xy for some
{x, y} 6= {u, v}. Recall that P ′uv contains a path P ′ from φ(u) to φ(v) of length at
least 2. Consider the two paths P ′ and P . Recall that P is a path between φ(x)
and φ(y) containing the edge e. Let Puv be the path that has e as its only edge,
and let Pxy be the path obtained from P by removing e and adding the internal
vertices and the edges of Puv. Observe that the paths Puv and Pxy use exactly
the same vertices and edges as P ′ and P . Let P ′′uv = P ′uv \ {P ′} ∪ {Puv} and
P ′′xy = P ′xy \ {P} ∪ {Pxy}, and let P ′′ab = P ′ab for every {a, b} 6∈ {{u, v}, {x, y}}.
Then P ′′ =

⋃
u,v∈V (H) P ′′uv is a family of paths that satisfies properties (i) and

(ii), and contains one more path of length 1 than P ′, contradicting the choice
of P ′.

Now suppose that e is not contained in any path of P ′. Let P ′ ∈ P ′uv be a
path of length at least 2, and let Puv be the path that has e as its unique edge.
We define P ′′uv = P ′uv \ {P ′} ∪ {Puv} and P ′′xy = P ′xy for every {x, y} 6= {u, v}.
Then P ′′ =

⋃
u,v∈V (H) P ′′uv is a family of paths that satisfies properties (i) and

(ii), and contains one more path of length 1 than P ′. As in the previous case,
this contradicts the choice of P ′. This concludes the proof of Claim 1. �

Consider the set P ′uv for some u, v ∈ V (H). By property (i), P ′uv consists of
multH(uv) mutually edge-disjoint paths in G from φ(u) to φ(v). By Claim 1,
at least multG(φ(u)φ(v)) many of these paths have length 1. By the definition
of multiplicity, there are exactly multG(φ(u)φ(v)) edges between φ(u) and φ(v),
which implies that P ′uv contains exactly multG(φ(u)φ(v)) paths of length 1.
This, together with property (ii), implies that no path in P ′ \ P ′uv contains
an edge between φ(u) and φ(v). By symmetry, no path in P ′uv contains an
edge between φ(x) and φ(y) for {x, y} 6= {u, v}. Hence, if we lift each of the
multH(uv)−multG(φ(u)φ(v)) paths in P ′uv of length at least 2, then we create
multH(uv) − multG(φ(u)φ(v)) new edges between φ(u) and φ(v), and do not
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change multG(φ(x)φ(y)) for any {x, y} 6= {u, v}. Note that the number of edges
between φ(u) and φ(v) after lifting the paths in P ′uv is exactly multH(uv).

From the above arguments, it is clear that if we lift each of the paths of length
at least 2 in P ′, then we obtain a graph G′ such that for every u, v ∈ V (H),
we have that multG′(φ(u)φ(v)) = multH(uv). Hence φ is an isomorphism from
H to G′[S]. This shows that there exists a sequence of lifts L such that G ∨ L
contains H as an induced subgraph, implying that G contains H as an induced
immersion. ut

We are now ready to state the main theorem of this section.

Theorem 2. For every fixed multigraph H, there is a polynomial-time algorithm
that decides for any graph G whether G contains H as an induced immersion.

Proof. Let H be a fixed multigraph, and let G be a graph. Deciding whether
G contains H as an induced immersion is equivalent to deciding whether G has
an H-model due to Observation 2. We describe an algorithm with running time
h(|V (H)| + |E(H)|) · |V (G)||V (H)|2+3 that finds an H-model (S,L, φ) of G, or
decides that such a H-model does not exist. Note that this is a polynomial-time
algorithm since H is a fixed multigraph.

Suppose G has an H-model (S,L, φ). Then there exists a sequence of lifts L∗
that satisfies conditions (i)–(iv) of Lemma 4. Let us determine an upper bound
on the number of sequences of lifts L that satisfy conditions (i) and (ii). First
note that the number of possible triples u, v, w ∈ V (G) such that {uv, vw} is a
lift satisfying v ∈ S and {u,w}∩S 6= ∅ is at most |V (H)|2 ·|V (G)|. Consequently,
the number of sequences of at most |E(G[S])| ≤ |V (H)|2 such lifts is at most
(|V (H)|2 · |V (G)|)|V (H)|2 . Hence, there are at most (|V (H)|2 · |V (G)|)|V (H)|2

sequences of lifts that satisfy conditions (i) and (ii) of Lemma 4, and all these
sequences can easily be generated in time (|V (H)|2 · |V (G)|)|V (H)|2 .

For all possible subsets S ⊆ V (G) of size |V (H)| and all possible bijections φ
from V (H) to S, our algorithm acts as follows. For all possible sequences of lifts
L that satisfy conditions (i) and (ii) of Lemma 4, the algorithm checks whether L
satisfies (iii). If L does not satisfy (iii), then L is not a valid candidate for L∗, and
we can safely discard it. If L satisfies condition (iii), then we determine whether
L satisfies (iv) as follows. We use the disjoint paths algorithm of Robertson and
Seymour [15] in order to decide whether conditions (i) and (ii) of Lemma 5 hold
for the graphs G∨L and H. If so, then Lemma 5 guarantees that G∨L contains
H as an induced immersion, i.e., L satisfies condition (iv) of Lemma 4. This
implies that G contains H as an induced immersion, so the algorithm outputs
“yes”. If L does not satisfy condition (iv), we proceed to the next sequence L. If
none of choices of S, φ and L yields a “yes”-answer, then we know from Lemma 4
that G does not have any H-model, and the algorithm outputs “no”.

It remains to analyze the running time of the algorithm. There are at most
|V (G)||V (H)| subsets S ⊆ V (G) of size |V (H)|, and for each of these sets S, there
are |V (H)|! bijections from V (H) to S. As we saw earlier, there are at most
(|V (H)|2 · |V (G)|)|V (H)|2 different sequences of lifts L that satisfy conditions (i)
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and (ii) of Lemma 4. This means the algorithm considers at most f(|V (H)|) ·
|V (G)||V (H)|2 combinations of S, φ and L. For each of these combinations, testing
whether condition (iii) holds can be done in time O(|V (H)|2(|E(H)|+1)), while
it takes g(|E(H)|) · |V (G)|3 time [15] to test whether condition (iv) holds, as
we ask for edge-disjoint paths between at most |E(H)| pairs of terminals. This
yields an overall running time of h(|V (H)|+ |E(H)|) · |V (G)||V (H)|2+3. ut

4 Excluding a fixed multigraph as an induced immersion

In this section, we show that every multigraph with large enough treewidth con-
tains every multigraph of maximum degree at most 2 as an induced immersion.
We first show that every multigraph H is contained as an induced immersion in
any multigraph G that contains a sufficiently large clique.

Lemma 6. (F) Let G and H be two multigraphs. If G contains K2(|V (H)|+|E(H)|)
as a subgraph, then G contains H as an induced immersion.

In an elementary wall W of height r, we define the i-th row of W to be the
set of vertices {(j, i) | 0 ≤ j ≤ 2r+1}. Similarly, the set {(j, i) | 0 ≤ i ≤ r} is the
j-th column of W . We write Pi(j, k) to denote the unique path in W between
(j, i) and (k, i) that contains only vertices of row i.

Lemma 7. (F) Let G be a multigraph, and let H be a multigraph of maxi-
mum degree at most 2. If G contains an elementary wall W as a subgraph such
that G[V (W )] contains an independent set of size 4|V (H)|(|V (H)|+ 2), then G
contains H as an induced immersion.

We are now ready to prove the main result of this section.

Theorem 3. For every multigraph H of maximum degree at most 2, there exists
a constant cH such that every multigraph with treewidth more than cH contains
H as an induced immersion.

Proof. Let G and H be two multigraphs such that G does not contain H as
an induced immersion. Let r be the largest integer such that G contains the
elementary wall Wr as an immersion. Then there is a sequence X of vertex
deletions, edge deletions and lifts such that applying X to G yields Wr. Let
W ′ be the graph obtained from G by applying only the vertex deletions and
lifts in X . Then G contains W ′ as an induced immersion. Note that W ′ con-
tains Wr as a spanning subgraph. Since G does not contain H as an induced
immersion, Lemma 7 implies that W ′ does not have an independent set of size
4|V (H)|(|V (H)|+ 2). In addition, we know that W ′ does not contain a clique of
size 2(|V (H)| + |E(H)|) as a subgraph, as otherwise G would contain H as an
induced immersion as a result of Lemma 6. Ramsey’s Theorem (cf. [3]) states
that a graph that has neither a clique nor an independent set of size more than
k must have at most 22k−3 vertices. Hence, we know that W ′ has at most 22k−3

vertices, where k ≤ max{4|V (H)|(|V (H)| + 2), 2(|V (H)| + |E(H)|)}. Since H
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has maximum degree at most 2, we have |E(H)| ≤ 2|V (H)| and consequently
k ≤ 4|V (H)|(|V (H)|+ 2). On the other hand, by the definition of an elementary
wall of height r, we know that W ′ has exactly 2(r+1)2−2 vertices. Therefore we
obtain that 2(r+1)2−2 ≤ 22k−3, which implies r ≤ 2k. By the definition of r, G
does not contain Wr+1 as an immersion. Hence, by Theorem 1, the treewidth of
G is at most 2010(r+2)5 ≤ 2010(2k+2)5 . We conclude that every multigraph with
treewidth more than 2010(24|V (H)|(|V (H)|+2)+2)5 contains H as an induced immer-
sion. ut

5 Concluding remarks

It is not hard to show that every induced immersion of an elementary wall is a
planar graph with maximum degree at most 3, and that an elementary wall of
height c has treewidth at least c. This implies that we cannot replace “maximum
degree at most 2” in Theorem 3 by “maximum degree at most 4”. A natural
question is whether Theorem 3 holds for every planar multigraph H of maximum
degree at most 3.

Our results exhibit some interesting relations between induced immersions
and immersions. For example, Lemma 5 readily implies the following result.

Corollary 1. Let G and H be two multigraphs. If there is a set S ⊆ V (G) such
that G[S] is isomorphic to a spanning subgraph of H, then G contains H as an
induced immersion if and only if G contains H as an immersion.

We can also note the following corollary of Lemma 6.

Corollary 2. (F) Let G and H be two multigraphs. If G contains the graph
K2(|V (H)|+|E(H)|) as an immersion, then G contains H as an induced immersion.

Corollary 2 implies that forbidding a graph as an induced immersion also
forbids another graph as an immersion. In particular, the structure theorem for
graphs excluding a clique of fixed size as an immersion [19] can also be applied
to induced immersions, at the cost of larger constants. Moreover, every class of
graphs closed under taking induced immersions has bounded degeneracy [1].

Two very interesting and challenging questions on induced immersions re-
main. In terms of parameterized complexity [5], Theorem 2 states that Induced
Immersion is in XP when parameterized by the size of H, i.e., |V (H)|+ |E(H)|.
A natural question is whether the problem is fixed-parameter tractable when
parameterized by the size of H. Very recently, Grohe et al. [12] established
fixed-parameter tractability of the closely related Immersion problem, thereby
resolving a longstanding open question by Downey and Fellows [4]. Interestingly,
the next lemma shows that an FPT algorithm for Induced Immersion would
immediately imply an FPT algorithm for Immersion, rendering the problem of
finding such an FPT algorithm a very challenging one.

Lemma 8. (F) There exists a parameterized reduction from Immersion to In-
duced Immersion if both problems are parameterized by the size of H.

9



Another celebrated result on immersions, due to Robertson and Seymour [17],
states that all graphs are well-quasi ordered with respect to the immersion re-
lation. Does the same hold for induced immersions? If so, then proving such a
statement seems to be a formidable task, as it would imply the aforementioned
result of Robertson and Seymour. An easier task, recently proposed by Fellows,
Hermelin and Rosamond [6], would be to identify interesting classes of graphs
that are well-quasi ordered under the induced immersion relation.
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Appendix

This appendix contains the figure and all the proofs that were omitted from the
main body of the paper due to page restrictions.

Fig. 2. Elementary walls of height 2, 3, and 4.

Lemma 1. The Induced Immersion problem is NP-complete, even if G is a
planar graph of maximum degree at most 4 and H is a cycle.

Proof. We reduce from the Hamiltonian Cycle problem on 3-regular planar
graphs, which is known to be NP-complete [10]. Given a 3-regular planar graph
G = (V,E) on n vertices, we construct a graph G′ by adding, for every vertex
v ∈ V , a new vertex v′ that is made adjacent to v only. We refer to the newly
added vertices as red vertices, and to the other vertices of G′ as black vertices.
Any edge incident with a red vertex is called a red edge, and any other edge is
black. We claim that G has a Hamiltonian cycle if and only if G′ contains Cn as
an induced immersion.

First suppose G has a Hamiltonian cycle C, and let C ′ be the corresponding
cycle in G′. In G′, we lift every black edge uv that does not belong to C ′ with a
red edge incident to either u or v. By construction, such a red edge will always
be available. Afterwards, we delete all the vertices of V (G′) \V (C ′). This shows
that we can obtain C ′ from G′ by a sequence of vertex deletions and lifts, which
implies that G′ contains Cn as an induced immersion.

For the reverse direction, suppose G′ contains Cn as an induced immersion.
Recall that this means that there exists a sequence of lifts L such that G′′ =
G′∨L contains a cycle C ′′ on n vertices as an induced subgraph. Note that every
red vertex has degree 1 in G′, and will also have degree 1 in G′′, as lifts do not
increase the degree of any vertex. Hence any cycle in G′′, and C ′′ in particular,
contains only black vertices. As C ′′ contains n vertices, C ′′ contains all the black
vertices.

Let us consider the sequence of lifts L. Since lifts do not increase the degree
of any vertex and red vertices have degree 1 in G′, no red vertex is a pivot of
any lift in L. This implies that we cannot create a black edge by lifting two red
edges. We can also not create a black edge by lifting a red edge with a black
edge, as such a lift results in a an edge incident with a red vertex, and such an
edge is red by definition. This means that we can only create a black edge by
lifting two black edges. Consequently, we cannot increase the number of black
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edges incident with any vertex. Now suppose, for contradiction, that there is an
edge uv in C ′′ that was not present in G′. Since all the edges in C ′′ are black,
the edge uv must have been created by lifting two black edges {uw,wv}. Since w
was incident with 3 black edges in G′, such a lift decreases the number of black
edges incident with w down to 1. This contradicts the fact that w is contained
in the cycle C ′′, all whose edges are black. We conclude that C ′′ was already
present as a subgraph in G′, which implies that G has a Hamiltonian cycle. ut

Lemma 2. Let G and H be two multigraphs such that G contains H as an
induced immersion, and let (S,L, φ) be an H-model of G. Let {xy, yz} and
{uv, vw} be two consecutive lifts in L, occuring at positions i − 1 and i in L,
respectively, such that {xy, yz} 6∈ {{uy, yv}, {vy, yw}}. Then G has an H-model
(S,L′, φ) such that L′ can be obtained from L by swapping {xy, yz} and {uv, vw}.

Proof. Let us denote by L− the sequence of lifts containing the first i−2 elements
of L in the same order, and let G− = G ∨ L−. First, observe that we have
xy, yz ∈ E(G−) by the definition of L and G−. Moreover, both the edges uv and
vw must be present in G−, since {xy, yz} 6∈ {{uy, yv}, {vy, yw}}. Therefore, we
can apply the lift {uv, vw} in G−. It is clear that xy, yz ∈ E(G− ∨ {uv, vw}),
which means that we can apply the lift {xy, yz} in G− ∨ {uv, vw}. Finally,
observe that both (G− ∨ {uv, vw}) ∨ {xy, yz} and (G− ∨ {xy, yz}) ∨ {uv, vw}
are isomorphic to G∗ = (V (G), E(G−) \ {uv, vw, xy, yz} ∪ {uw, xz}). Hence
(G− ∨ {uv, vw}) ∨ {xy, yz} and (G− ∨ {xy, yz}) ∨ {uv, vw} are isomorphic, and
the lemma follows. ut

Lemma 3. Let G and H be two multigraphs such that G contains H as an
induced immersion, and let (S,L, φ) be an H-model of G. For any edge uv of
G[S], there exists an H-model (S,L′, φ) of G such that uv appears in the first
lift in L′.

Proof. Out of all the sequences of lifts L such that G has an H-model (S,L, φ),
let L′ be one such that the position of the first lift in L′ that contains the edge
uv is as small as possible. We claim that uv appears in the first lift of L′. For
contradiction, assume that the first lift ` ∈ L that contains uv occurs at position
i ≥ 2 in L′. Without loss of generality, let ` = {uv, vw} for some vertex w of G.
Let `′ = {xy, yz} be the lift occuring at position i− 1 in L′, and let G− be the
graph obtained from G by applying the first i− 2 lifts of L′.

First suppose that {xy, yz} 6∈ {{uy, yv}, {vy, yw}}. Then we know from
Lemma 2 that there exists an H-model (S,L′′, φ) of G such that {uv, vw} occurs
before {xy, yz} in L′′. This contradicts the choice of L′.

Now suppose {xy, yz} ∈ {{uy, yv}, {vy, yw}}. First consider the case where
`′ = {uy, yv}. Note that the edge uv is present in G−, as we assumed that uv is
an edge of G[S] and ` is the first lift in L′ that contains uv. It is clear that also
the edges vw, uy and yv are present in G−. Hence, we can apply exactly the same
arguments as in the proof of Lemma 2 to show that G has an H-model (S,L′′, φ)
where L′′ is obtained from L′ by swapping ` and `′. This again contradicts the
choice of L′.

12



Finally, consider the case where `′ = {vy, yw}. We claim that we can replace
the lifts {vy, yw} and {uv, vw} in L′ by the lifts {uv, vy} and {uy, yw} and obtain
a new sequence of lifts L′′ such that (S,L′′, φ) is an H-model of G. In order to
see this, first observe that both the edges uv and vy are present in G−, which
means that we can indeed apply the lift {uv, vy} in G−. Let G+ = G−∨{uv, vy}.
As we lifted the edges uv and vy, G+ contains the edge uy. Moreover, as the
edge yw was already present in G− and was not lifted, it is also present in
G+. Hence we can apply the lift {uy, yw} in G+. Finally, observe that the graph
(G−∨{vy, yw})∨{uv, vw} is isomorphic to the graph (G−∨{uv, vy})∨{uy, yw}.
We conclude that (S,L′′, φ) is indeed an H-model of G. Since uv appears in a
lift at position i− 1 in L′′, this contradicts the choice of L′. ut

Lemma 4. Let G be a graph and let H be a multigraph such that G contains
H as an induced immersion, and let (S,L, φ) be an H-model of G. Then there
exists a sequence L∗ of lifts that satisfies the following four properties:

(i) |L∗| ≤ |E(G[S])|;
(ii) for every {uv, vw} ∈ L∗, we have v ∈ S and {u,w} ∩ S 6= ∅;

(iii) for every u, v ∈ V (H), we have multG∨L∗(φ(u)φ(v)) ≤ multH(uv);
(iv) G ∨ L∗ contains H as an induced immersion.

Proof. We first show that condition (ii) implies condition (i). Suppose L∗ is
a sequence of lifts that satisfies (ii). Note that applying a lift {uv, vw} with
v ∈ S and {u,w} ∩ S 6= ∅ decreases the number of edges in G[S] by exactly 1.
Hence, after applying exactly |E(G[S])| such lifts, there are no edges left between
vertices in S. Then we cannot apply any other lift {uv, vw} with v ∈ S and
{u,w} ∩ S 6= ∅, implying that L∗ contains at most |E(G[S])| lifts.

Starting from the empty sequence, we will now construct a sequence of lifts L∗
that satisfies conditions (i)–(iv). Note that the empty sequence trivially satisfies
(ii), and consequently also satisfies (i). It also satisfies (iv) by the definition of
an H-model. If the graph G satisfies multG(φ(u)φ(v)) ≤ multH(uv) for every
u, v ∈ V (H), then the empty sequence also satisfies (iii), and we are done.

Suppose the empty sequence does not satisfy (iii). Then there exist u, v ∈
V (H) such that multG∨L∗(φ(u)φ(v)) > multH(uv). Let e be an edge in G[S]
between φ(u) and φ(v). Due to Lemma 3, there exists an H-model (S,L′′, φ) of
G such that the edge e is contained in the first lift ` in the sequence L′′. We
redefine L∗ to be the sequence obtained from L∗ by adding ` as the last lift. Note
that this new L∗ still satisfies (ii), as both endpoints of e belong to S. Moreover,
L∗ satisfies (iv) by Lemma 3, as we can take L′ to be the sequence obtained from
L′′ by removing `. If L∗ satisfies (iii), then we are done. Suppose L∗ does not
satisfy (iii). If |L∗| = |E(G[S])|, then there are no edges between any two vertices
of S in the graph G ∨ L∗. Then multG∨L∗(φ(u)φ(v)) = 0 for every u, v ∈ V (H),
and thus L∗ satisfies (iii). Since we assumed this not to be the case, we must
have |L∗| < |E(G[S])|, and we can repeat the above procedure. Note that this
procedure will yield the desired sequence L∗ after at most |E(G[S])| steps. ut

Lemma 6. Let G and H be two multigraphs. If G contains K2(|V (H)|+|E(H)|) as
a subgraph, then G contains H as an induced immersion.
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Proof. Suppose G contains a clique X of size 2(|V (H)|+ |E(H)|), and let K =
G[X]. Let S be a set of |V (H)| vertices of K, and let φ be an arbitrary bi-
jection from V (H) to S. We will apply lifts in order to make φ an isomor-
phism from V (H) to S, i.e., we apply lifts to obtain a graph K∗ such that
multK∗(φ(u)φ(v)) = multH(uv) for every u, v ∈ V (H). For each pair of vertices
u, v ∈ V (H), we consider the multiplicity of uv in H and of φ(u)φ(v) in K.

If multH(uv) = multK(φ(u)φ(v)), then we leave the set of edges between
φ(u) and φ(v) unchanged.

For every u, v ∈ V (H) with multH(uv) < multK(φ(u)φ(v)), we need to
decrease the multiplicity of φ(u)φ(v). To achieve this, we proceed in two steps.
First, for every triple of (not necessarily distinct) vertices φ(u), φ(v), φ(w) ∈
S, we lift {φ(u)φ(v), φ(v)φ(w)} whenever multH(uv) < multK(φ(u)φ(v)) and
multH(vw) < multK(φ(v)φ(w)), and we redefine K = K∨{φ(u)φ(v), φ(v)φ(w)}.
We apply this process as long as such triples φ(u), φ(v), φ(w) exist. Observe that
this process terminates, as every lift decreases the number of edges in K[S] by
exactly 1. At the end of this process, for every vertex u ∈ V (H), there is a
most one vertex v ∈ V (H) such that multH(uv) < multK(φ(u)φ(v)), and in
that case we have multK(φ(u)φ(v)) = multH(uv) + 1. Hence there are at most
|V (H)|/2 edges left to remove in K[S]. We now start the second step of our
process. For every u, v ∈ V (H) with multH(uv) < multK(φ(u)φ(v)), we define a
set Quv = {w}, where w is an arbitrary vertex from V (K)\S, in such a way that
all the sets Quv, u, v ∈ V (H), are pairwise disjoint. Note that these sets Quv

exist, as the union Q of all sets Quv contains at most |V (H)|/2 vertices, while
V (K) \ S contains |V (H)| + 2|E(H)| vertices. Now, for every set Quv = {w},
applying the lift {φ(u)φ(v), φ(v)w} decreases the multiplicity of φ(u)φ(v) by 1.
Doing so for every pair u, v ∈ V (H) for which Quv is defined leaves us with a
graph K− in which multK−(φ(u)φ(v)) ≤ multH(uv) for every pair u, v ∈ V (H).

For every u, v ∈ V (H) with multH(uv) > multK−(φ(u)φ(v)), we need to
increase the multiplicity of φ(u)φ(v). For every such pair of vertices u, v ∈ V (H),
we define a set Puv, consisting of arbitrary vertices of V (K−) \ S, such that the
following three conditions hold:

– if u 6= v, then |Puv| = multH(uv)−multK−(φ(u)φ(v));
– if u = v, then |Puv| = 2(multH(uv)−multK−(φ(u)φ(v)));
– all the sets Puv, u, v ∈ V (H), are pairwise disjoint.

Note that these sets Puv exists, as the union P of all these sets contains at
most 2 · |E(H)| vertices, while V (K−) \ (S ∪ Q) contains at least 2|E(H)| +
|V (H)|/2 vertices. Now, for every pair of vertices u, v ∈ V (H) with multH(uv) >
multK−(φ(u)φ(v)), if u 6= v, then we apply the lift {φ(u)x, xφ(v)} for each vertex
x ∈ Puv. Similarly, if u = v, then for each pair of distinct vertices x, x′ ∈ Puv, we
first apply the lift {φ(u)x, xx′} and then use the newly created edge φ(u)x′ to
apply the lift {φ(u)x′, x′v}. After every step, we redefine K− to be the obtained
graph. It is clear that this process increases the multiplicity of φ(u)φ(v) by
exactly multH(uv)−multK−(φ(u)φ(v)), and doing so for every pair u, v ∈ V (H)
for which Puv is defined leaves us with a graph K∗ in which multK∗(φ(u)φ(v)) =
multH(uv) for every u, v ∈ V (H).
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Since K∗[S] is isomorphic to H and K∗ can be obtained from K by lifting
edges, Observation 1 implies that K contains H as an induced immersion. As
K can be obtained from G by a sequence of vertex deletions, it follows that G
contains H as an induced immersion. ut

Lemma 7. Let G be a multigraph, and let H be a multigraph of maximum degree
at most 2. If G contains an elementary wall W as a subgraph such that G[V (W )]
contains an independent set of size 4|V (H)|(|V (H)|+ 2), then G contains H as
an induced immersion.

Proof. Suppose G contains an elementary wall W as a subgraph such that
G[V (W )] contains an independent set S of size 4|V (H)|(|V (H)| + 3). Since
4|V (H)|(|V (H)| + 2) ≥ 2|V (H)|(2|V (H)| + 2) + 1, at least 2|V (H)| + 3 ver-
tices of S lie on the same row of W , or at least 2|V (H)| + 1 different rows
contain a vertex of S. We show that in both cases, G contains H as an induced
immersion.

Let H1, . . . ,Ht be the connected components of H. We define a1 = 1, and
then recursively define bh = ah + |V (Hh)| − 1 and ah = bh−1 + 2 for 1 ≤ h ≤ t.

First suppose S contains at least 2|V (H)| + 3 vertices of row i. Let S∗ be
any subset of the vertices of S that lie on row i such that every vertex in S∗ has
two neighbors on row i and |S∗| = 2|V (H)|+ 1. We denote the vertices of S∗ by
(sp, i), with 1 ≤ p ≤ 2|V (H)|+ 1 and sp < sp+1 for every 1 ≤ p ≤ 2|V (H)|. We
now do as follows for each connected component Hh if i ≤ r − 1:

– if Hh is a path, we lift the path Pi(sp, sp+1) for every ah ≤ p ≤ bh − 1;
– if Hh is a cycle of length at least 2, we lift the path Pi(sp, sp+1), as well as the

unique shortest path in W from sbh
to sah

that is internally vertex-disjoint
from Pi(sp, sp+1), for every ah ≤ p ≤ bh − 1;

– if Hh consists of a single vertex and a loop, we lift the unique 6-cycle in W
that contains the edge (sah

, i)(sah
+ 1, i) and three vertices of row i+ 1.

If i = r, then we replace i+1 by i−1 in the third case. Note that all the paths and
cycles defined above exist due to the definitions of S∗ and an elementary wall.
Finally, we delete all the vertices from G that are not in S∗. The assumption
that S∗ is an independent set implies that the resulting graph is isomorphic to
H, and therefore G contains H as an induced immersion.

Now suppose S contains vertices from at least 2|V (H)| + 1 different rows.
Then there is a subset S∗ ⊆ S of size 2|V (H)| such that no two vertices of S∗ lie
on the same row of W and S∗ does not contain any vertex of row r. We denote
the vertices of S∗ by (cp, rp), with 1 ≤ p ≤ 2|V (H)| and rp < rp+1 for every
1 ≤ p ≤ 2|V (H)| − 1. We now do as follows for each connected component Hh:

– if Hh is a path, we lift a shortest path Pp in W from (cp, rp) to (cp+1, rp+1)
for every ah ≤ p ≤ bh − 1, where we choose these paths in such a way that
they are mutually internally vertex-disjoint.

– if Hh is a cycle, we lift a cycle in W that contains each of the vertices (cp, rp)
with ah ≤ p ≤ bh and contains only vertices of rows rah

to rbh
;
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– if Hh consists of a single vertex and a loop, we lift the unique 6-cycle in W
that contains (cah

, rah
) and three vertices of row rah

+ 1.

Note that all the paths and cycles defined above exist due to the definitions of
S∗ and an elementary wall. As in the previous case, deleting all the vertices of
G that do not belong to S∗ yields a graph isomorphic to H, which implies that
G contains H as an induced immersion. ut

Corollary 3. Let G and H be two multigraphs. If G contains K2(|V (H)|+|E(H)|)
as an immersion, then G contains H as an induced immersion.

Proof. Assume that G contains K2(|V (H)|+|E(H)|) as an immersion. Then the
graph K2(|V (H)|+|E(H)|) can be obtained from G by a sequence X of lifts, vertex
deletions and edge deletions. Let G′ be the multigraph obtained from G by
applying only the lifts and vertex deletions in X . This multigraph G′ contains
K2(|V (H)|+|E(H)|) as a spanning subgraph. Then G′, and hence G, contains H as
an induced immersion as a result of Lemma 6. ut

Let P and Q be two parameterized problems. A parameterized reduction from
P to Q is a function that maps an instance (x, k) of problem P to an instance
(x′, k′) of problem Q in time f(k) · |x|O(1) for some function f , where k is the
parameter of x, such that (x, k) is a yes-instance of P if and only if (x′, k′) is a
yes-instance of Q, and k′ ≤ g(k) for some function g, where k′ is the parameter
of x′. If there is a parameterized reduction from P to Q and Q is FPT, then P
is also FPT [5].

Lemma 8. There exists a parameterized reduction from Immersion to Induced
Immersion if both problems are parameterized by the size of H.

Proof. Let G and H be two multigraphs. We construct a multigraph G∗ from
G by adding, for every vertex v ∈ V (G), |E(G)| + 2 new vertices that are all
made adjacent to v only. We refer to the newly added vertices as red vertices,
and to the other vertices of G∗ as black vertices. We write BG∗ to denote the set
of black vertices in G∗. Any edge of G∗ incident with a red vertex is called a red
edge, and any other edge of G∗ is black. We construct a multigraph H∗ from
H as follows: for every vertex v of degree 1, we add a new vertex that is made
adjacent to v only, for every isolated vertex w, we add two new vertices that are
made adjacent to w only. Black and red vertices and edges in H∗ are defined in
the same way as in G∗, and we denote the set of black vertices in H∗ by BH∗ .

We prove that G contains H as an immersion if and only if G∗ contains H∗

as an induced immersion.
First suppose G contains H as an immersion. Then there exists a sequence of

edge deletions, vertex deletions and lifts, denoted by X1, X2 and X3, respectively,
such that applying X1, X2 and X3 to G yields a graph that is isomorphic to H.
We now describe a sequence of lifts L such that the graph G∗ ∨ L contains H∗

as an induced subgraph. First, apply all the lifts in X3 to G∗. In the obtained
graph G∗ ∨ X3, we simulate the deletion of every edge uv in X1 by lifting uv in
G∗∨X3 with any pendant red edge incident with either u or v; since every vertex
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in BG∗ is incident with |E(G)|+ 2 red edges in G∗, there is always an available
red edge incident with either u or v. Let G′ be the graph obtained from G∗ this
way. Observe that G′[BG∗ ] contains H as an induced subgraph. Moreover, by the
construction of G∗, every black vertex in G′ has at least two pendant red edges
incident to it. Hence, it is clear that G′ contains H∗ as an induced subgraph.
Since G′ is obtained from G∗ by a sequence of lifts, Observation 1 implies that
G∗ contains H∗ as an induced immersion.

For the reverse direction, suppose G∗ contains H∗ as an induced immersion.
Then, by Observation 1, there exists a sequence of lifts L and a set S ⊆ V (G)
such that G′[S] is isomorphic to H∗, where G′ = G∗ ∨ L. Note that every red
vertex has degree 1 in G∗ and will also have degree 1 in G′, as we only apply
lifts when transforming G∗ into G′. Hence H∗[BH∗ ] is an induced subgraph of
G′[BG∗ ], as every vertex in BH∗ has degree at least 2 in H∗. In order to show
that G contains H as an immersion, we describe a sequence of lifts and edge
deletions whose application to G yields a graph that contains H as an induced
subgraph. For every lift in L consisting of two black edges of G∗, we lift the
same edges in G; for every lift in L consisting of a black edge and a red edge of
G∗, we delete the lifted black edge in G; and for every lift in L consisting of two
red edges of G∗, we leave G unaltered. Let G′′ denote the resulting graph. Since
H∗[BH∗ ] is an induced subgraph of G′[BG∗ ], we have that G′′ contains H as an
induced subgraph. We conclude that G contains H as an immersion.

In order to see that the transformation described above is a parameterized
reduction, it suffices to observe that |V (H∗)| + |E(H∗)| ≤ 3|V (H)| + 2|E(H)|,
and that the transformation can clearly be performed in f(|V (H)| + |E(H)|) ·
(|V (G)|+ |E(G)|)O(1) time, since |V (G∗)| = |V (G)| · (|E(G)|+ 2) and |E(G∗)| =
|E(G)|+ |V (G)| · (|E(G)|+ 2). ut
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